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f— I \ Abstract 

HH , In this paper we generalize the Connes-Moscovici characteristic map for cyclic 

cohomology of extended version of Hopf algebras called x-Hopf algebras. To do this, 
we define a pairing for cyclic cohomology of module algebras and module coalgebras 
under the symmetry of a x-Hopf algebra. We introduce more examples of similar 
generalized characteristic maps for quantum algebraic torus and enveloping algebras. 

1 Introduction 

00 

00 

£f~) ■ The Connes-Moscovici characteristic map introduced in [CM98J has many applications in 

index theory, number theory and Hopf cyclic cohomology which is introduced in [CMOlJ 

and [CMOO]. The characteristic map has been discovered in the study of computing the 

index of a transversally elliptic operator on a foliation. Connes and Moscovici introduced 

the Hopf algebras % n which act on the algebra Afm '■= C£°(FM x T) where M is a flat 

affine manifold, FM is the GL + (n, R)-principal bundle of oriented frame on M and T is 

the pseudogroup of orientation preserving local diffeomorphisms of M. This action turns 

Afm in to a % n -module algebra. Let (<5, a) be a modular pair in involution for l-i n and 

Tr be a ^-invariant a-trace on Afm, then the following map 

7 Tr:^r^Hom(^£ +1) ,C), (1.1) 

"fTr(hi ® ■ ■ • (g) h n )(ao <8> • • • <8> a n ) = Tr(a hi(ai) ■ ■ ■ h n (a n )). 

defines a map of cocyclic modules. Therefore they obtained the following characteristic 
map on the level of periodic cyclic cohomology. 

1Tt : HP*(H n ) — ► HP*(A FM ), 

where the left hand side stands for the Hopf cyclic cohomology of Connes-Moscovici Hopf 
algebra and on the right we have the cyclic cohomology of the algebra Afm- The great 
idea here is that although computing the cyclic cohomology of the algebras such as Afm 
is a difficult task, one can compute the Hopf cyclic cohomology of the related symmetry as 



% n in this case and then use the characteristic map to transfer the cocycles and therefore 
information from the Hopf algebra of the symmetry to the algebra in question. In fact the 
terms of the form f 1 1 . lj) appear in the computation of the local index formula of an elliptic 
operator D using the Chern-Connes character which is a finite sum of the expressions of 
the following form; 

a [£>,ai] (fcl) • • • lD,a m ] (k ™ ) \D\(- m+2kl - +2k ™\ 

Here a, € Afm an d [D,a]^ k > denotes the k-th iterated commutator of D 2 and J is the 
Diximier trace. 

Later different extendings of the Connes-Moscovici characteristic map for Hopf algebras 
have been introduced in |KR3j . |CR] . [NS] and |Kay2|. Finally the author in [Kay3 
has proved that all of these different setups produce isomorphic characteristic maps. Let 
us recall that the invariant trace Tr in fact is a O-dimensional Hopf-cyclic cocycle and 
therefore the characteristic map can be viewed as the following pairing. 

HP^JAfm, 1 Q) ® HP^-Hn, 1 Q) — ► HPP(A FM )- (1.2) 

The authors in [KR2J have shown that if T~L is an arbitrary Hopf algebra, A a ^-module 
algebra and M a stable anti Yetter-Drinfeld module over H then there is a pairing of the 
following form; 

HP^(A, M) <g> HP^CH, M) — ► HP p+q {A). (1.3) 

Also there is a similar pairing on the level of cyclic and Hochschild cohomology. We refer 
the reader for more about Connes-Moscovici Characteristic map to |Kayl| . 

Connes and Moscovici's index theory of transversally elliptic operators lead beyond cyclic 
cohomology of Hopf algebras. Later in [CM01], Connes and Moscovici introduced a Hopf 
algebroid Hfm of transverse differential operators on FMy\ Tm, the etale groupoid of 
germs of diffeomorphisms of M lifted to its frame bundle FM. It is now known that this is 
a x-Hopf algebra. They have shown that 1-Lfm acts on the algebra Afm = C£°(FM>t Tm) 
and turns it in to a TipM-module algebra. They introduced an invariant faithful trace on 
Afm and obtained a characteristic map as follows; 

7 : HC n (n F M) — ► HC n {A FM ). (1-4) 

In this paper, we will extend Connes-Moscovici characteristic map and define a version 
for x-Hopf algebras. 

This paper is organized as follows. In Section 2 we recall the basics of x-Hopf algebras 
and study the x-Hopf algebra structures of Connes-Moscovici Hopf algebroid, Kadisson 
bialgebroid, quantum algebraic torus and enveloping algebras. Also we review the module 
and comodule structures on x-Hopf algebras. Specially we study the stable anti- Yetter- 
Drinfeld (SAYD) modules on the major examples of x-Hopf algebras. In Section 3 we recall 
Hopf cyclic cohomology of x-Hopf algebras and compute some examples. In Section 4 we 



introduce a pairing between cyclic cohomology of module algebras and module coalgebras 
under the symmetry of a x-Hopf algebra. In this way we obtain a generalization of 
Connes-Moscovici characteristic map (|1.4p for an extended version of Hopf algebras. 

Acknowledgments: The author would like to thank the Institut des Hautes Etudes 
Scientifiques, IHES, for its hospitality and financial supports during his stay when the 
whole work was accomplished. 
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2 Preliminaries 

In this section, we recall the definition and basic properties of x-Hopf algebras. The 
notion of x-Hopf algebras is introduced by Schauenburg in [Sch98] . It is a bialgebroid 
(x-bialgebra) which is defined by Takeuchi [Tak] satisfying certain conditions. The notion 
of x-Hopf algebras extends the Bohm-Szlachanyi's Hopf algebroids [BSz] and many nice 
examples of J. H. Lu' Hopf algebroids |Luj . One notes that a Bohm-Szlachanyi's Hopf alge- 
broid is not necessarily a Lu'Hopf algebroid and vice versa. Some nice quantum groupoids 
such as weak Hopf algebras with invertible antipodes and also Khalkhali-Rangipour's 
Para-Hopf algebroid [KR3] are examples of Bohm-Szlachanyi's Hopf algebroids. Another 
interesting example is Connes-Moscovici Hopf algebroid which is originally understood as 
Lu'Hopf algebroid and also satisfies Bohm- Szlachanyi's axioms. It is known that any 
Bohm-Szlachanyi's Hopf algebroid (with invertible antipode) is also a x-Hopf algebra. 

Let R be an algebra over the field of complex numbers C. A left bialgebroid K, over R 
consists of the data (/C,s, t). Here K, is a C-algebra, s : R — > K, and t : R op — > K, are 
C-algebra maps such that their range commute with one another. In terms of s and t, /C 
can be equipped with a -R-bimodule structure as follows; 

ri.k.r 2 = s(ri)t(r 2 )k, 

for all ri,r2 € R and k € /C. Similarly, /C ®r /C is endowed with a natural i2-bimodule 
structure. Also we assume that there is a i?-bimodule maps A : /C — > /C <8>_r K. called 
coproduct and e : K, — > R called counit via which K, is a iZ-coring [BW] . For the coproduct 
we introduce the Sweedler summation notation A(/s) = k ®k , where implicit summation 



understood. The data (/C,s,t, A, e) is called a left i?-bialgebroid if the algebra and the 
coring structures have the following compatibility axioms for all k,k' € /C and r G R; 

i) k W t(r)® R k (2) =k W ® R k (2) s(r), 
ii) A(ljc) = ljc ® Ik, and A(A;A;') = & (1) £; /(1) ® fc ( V (2) , 
hi) £(1jc) = 1/? and e(kk') = e(ks(e(k'))). 
A left -R-bialgebroid (K,,s, t, A,e), is said to be a left x j^-Hopf algebra if the following map 

f : /C <8>/jop /C — y K, <g)R /C, k ® R o P fe i — > k ®^ fc /s (2-1) 

is bijective. In the domain of the map (|2.ip . i? op -module structures are given by right 
and left multiplication by t(r) for r € R. In the codomain of the map (|2.ip . i?-module 
structures are given by right multiplication by s and t. The maps v and v~ l are both 
right /C-linear. The image of v~ l is denoted by 

v~ {h ® R o P 1 H ) = /i_ ® R h + . 

The notation of a x-Hopf algebra extends that of a Hopf algebra. In fact if /C is a bialgebra, 
then injectivity of the map v is equivalent to the fact that K, is a Hopf algebra. In this 
case the inverse of the map v is defined by 

v~ x (h ®l) = h- <S) R o P h + = /i (1) ® R o P 5(/i (2) ). 

We note that in the bialgebroid structure we have the equal source and target maps 
s = t : C — > K, given by c i — > cljc- 

Example 2.1. Enveloping algebra R®R op : Let R be an algebra over the field of complex 
numbers. The simplest example of a left x^j-Hopf algebra which is not a Hopf algebra is 
K, = R e = R® i? op with the source and target maps defined by 

s : R — y)C, r i — > r ® 1; t : R op — ► JC, n — ► 1 ® r, 

comultiplication defined by 

A: /C — >K® R 1C, ri<g)r 2 i — ► (n ® 1) ® R (1 ® r 2 ), 

counit given by 

e : K — > R, e(n ® r 2 ) = rir 2 , 

and 

u((n ® r 2 ) (8) (r 3 ® r 4 )) = n ® 1 ® r 3 ® r 4 r 2 , 

i>"~ ((ri (8) r 2 ) ® (r 3 ® r 4 )) = n ® 1 ® r 2 r 3 ® r 4 , 

where r, ri,r 2 ,r 3 ,r 4 G i?. 



Example 2.2. Quantum algebraic torus Ag: The Laurent polynomials in two variables 
C[U, V, U , V^ 1 ] is a Hopf algebra which is a completion of the Hopf algebra of the group 
ring ZxZ. We consider a well-known deformation of this Hopf algebra which is not a 
Hopf algebra anymore and it is called algebraic quantum torus denoted by Ag. Let us 
recall that Ag is an unital algebra over C generated by two invertible elements U and V 
satisfying UV = qVU, where q = e 2me and 9 is a real number. Let R = C[U, U~ l ] be the 
algebra of Laurent polynomials. We define a = f3 : R — > Ag be the natural embedding. 
One defines a coproduct A : Ag — > Ag ®r Ag given by 

A(U n V m ) = U n V m ® R V m . (2.2) 

The counit map e : Ag — > R is given by 

e(U n V m ) = U n . (2.3) 

Since the counit map is not an algebra map the quantum torus Ag is not an bialgebra. 
Instead it is a left x ^-bialgebroid by the coring structure defined above. Furthermore the 
following map 

V : Ag ® R o p Ag > Ag ®R Ag 

U n V m ® U r V s i— ► U n V m V m U r V s = q - mr U n V m ® U r V s ~ m , 
is bijective where the inverse map is defined by 

v -\ . jjnyra ^ jjrys ( _ ) , jjnym % y-mjjrys = q mrjjnym % jjrys-m ^^ 

This turns Ag into a left x^-Hopf algebra. 

Example 2.3. Connes-Moscovici Hopf algebroid %fm '■ I n this example we show that 
Connes-Moscovici Hopf algebroid defined in [CMOlJ is a x-Hopf algebra. Let M be a 
smooth manifold of dimension n with a finite atlas and FM be the frame bundle on M. 
Let Tm denotes the pseudogroup of all local diffeomorphims M where its elements are 
partial diffeomorphisms ip : Domip — > Ranip, where the domain and the range of ip are 
both open subsets of M. One can lift ip G Tm to the frame FM. This prolongation is 
denoted by tp. We set 

FM x Tm := {(u,(p), ip £ Tm, u € Rangtp}, 

and 

FM x Tm '■= {[«,£>], <£ 6 Tm, u G Rangip}, 

where [u, lp\ stands for the class of (it, yp) £ FM x Tm with respect to the following 
equivalence relation; 



(u, ip) ~ (v, ip), if u = v and ip \w= ip 



w 



Here W is an open neighborhood of u. Let 

Afm'.= C?{FM*T m ), (2.5) 

be the smooth convolution algebra. Every element of this algebra is linearly spanned by 
monomials of the form fUl where / € C^°(Dom'ip). One has 

fiU^ )1 =f 2 U^ 2 iff /i = / 2 and ^i\v = ^2\v, 
where V is a neighborhood of Supp(fi) = Supp{f2j. A multiplication is defined on Afm 

hu; l .f 2 u; 2 = h{f 20 ^)u; 2i)l . (2.6) 

We define the following algebra 

n FM = C°°(FM), (2.7) 

which acts from left on Afm by 

r>fU* = r.fU*, reTlFM, (2.8) 

and from right by 

fU*<r=(roi/>).fU*, reTlFM- (2.9) 

In fact we obtain the source map a : IZfm — > Afm by the left action and the target map 
/3 : Tl°p M — > Afm by the right action where both are algebra maps which their ranges 
commutate. Also we consider the action of an arbitrary vector field Z on FM which is 
given by 

Z{fU*) = Z(f)U\ fU*eA FM - (2.10) 

One notes that although a vector field acts by derivations on functions on the frame bundle, 
the action of the vector field on Afm is n °t a derivation anymore. Now let 

Ufm C C(A FM ), (2.11) 

denotes those elements of the subalgebra of linear operators on Afm which are gener- 
ated by the three types of transformations; left multiplication, right multiplication and 
composition given in (|2.8p . (j2.9p and (I2.10J) . The elements of Ufm are called transverse 
differential operators on the groupoid FM x Ym- One notes that a : TZfm — > T~Lfm and 
(3 : lZ°p M — > 'Hfm endow Ufm with a T^FM-bimodule structure. To define a T^FM-coring 
structure on T-Lfm, it is proved in |CM01| that Hfm has a Poincare-Birkhoff- Witt-type 
basis over TZfm ® TZfm by fixing a torsion free connection on FM. To recall this basis, 
let Xi,- ■ ■ ,X n denote the standard vector fields corresponding to the standard basis of 
R n and {Y? } be the fundamental vertical vector fields corresponding to the standard basis 
of gl(n, R). These n 2 + n vectors form a basis for the tangent space of FM at all points. 
Let 5 l - k G C(Afm) be the operators of multiplication defined in |CM01j . It is proven in 



[CM01] [Proposition 3] that transverse differential operators Zi.5 K form a basis for T-Lfm 
over IZfm <8> TZfm-, where 

Z, = X il -X ip Y*-Yfr and S K = ^...^ • • • ^^...^, (2-12) 

and 

^ h .. M = [Xe r ---[X ei ,8) k ],---}. (2-!3) 

We refer the reader to [CMOlJ [Proposition 3] for definition of multi-indices / and k. In 
order to define the coproduct, they have shown that the generators of %fm acts on Afm 
as a module algebra. This leads us to define a coproduct Afm on T-Lfm which is not 
well-defined on T-Lfm®T~Lfm-, instead the ambiguity disappears in the tensor product over 
IZfm- In the next step, the counit is defined in [CM01] [Proposition 7] by 

s F M ■ T-Lfm — > Kfm, e(h) =h>l. (2.14) 

Finally the authors in [CMOlj [proposition 8] defined a twisted antipode Sfm by defining 
a faithful trace r : Afm — > C As a result, %fm is a X7e FAf -Lu's Hopf algebroid by 

(Afm,£fm,Sfm)- (2.15) 

The following canonical map 

T-Lfm ®-k° p .. T-Lfm — > TIfm ®n FM TIfm, (2-16) 



k PM 



which is given by 



h <g> ti i— ► /i (1) ® /i (2) /i' (2.17) 



defines a X7^ FAf -Hopf algebra structure on T-Lfm- Here we mention a special case of 
Connes-Moscovici Hopf algebroid when M = W 1 is the flat Euclidean space. It is proved 
in |CM2004j that 

T-Lfr" — TIfw 1 x T-L n k IZfw 1 -! (2.18) 

is a Hopf algebroid where Ti n is the Connes-Moscovici Hopf algebra [CM98J . In fact it can 
be shown that it is a left x-Hopf algebra as follows. Generally speaking if H is a Hopf 
algebra and A is a -ff-module algebra then 

Ucm = A^H^A°p, (2.19) 

is a left x^-Hopf algebra, called Connes-Moscovici x-Hopf algebra, by the following struc- 
ture. The algebra structure is given by 

(a X h x b) ■ (a 1 x h' X 6') = a(/i (1) a') x fc (J V x (/i <3) 6> (2.20) 

The source and target maps a : A — > Ti and f3 : A op — > Ti are given by 

a(a) = a x 1 x 1, /3(a) = 1 x 1 x a. (2-21) 



The coring structure is given by the following coproduct; 

A (a x h x b) = (a x /i (1) x 1) ®a (1 x /i <2) x b). (2.22) 

The counit e : TicM — > A is defined by 

e(a x /i x 6) = ae(fc)6. (2.23) 

Furthermore we define f : TicM (£>a°p T~Lcm — > T~Lcm ®A T~Lcm is defined by 

i/((a x /i x 6) <g) A °p (a' x // x 6')) = (a x /i (1> x 1) ® A (h (2) a' x h (3) ti x (h W b')b) , (2.24) 

with the inverse map given by 

v- l ({aKhKb)® A {a' *ti Kb')) = (axh W Kl)® A o P (s(h W )>{ba) x S(h W )ti x S(h W )>lA . 

(2.25) 

Example 2.4. Kadison bialgebroid: In this example we show that the Kadison bialgebroid 
(.A (8> A° p ) CO if introduced in [Kad| is a x^-Hopf algebra. Here H is a Hopf algebra and 
A a left if-module algebra. First we recall the bialgebroid structure. The source map 
a : A — ► (A ® A op ) txi H is given by 

a i — >-(a®l)®l. (2.26) 

The target map j3 : A — > (A ® A op ) \x\ H is given by 

a i — >-(1®o)®1. (2.27) 

The algebra structure is given by the following multiplication rule; 

(o ® b ® h) ■ (a' ® b' ® /i') = a(/i (1) > a') b'(S(ti (2) ) > 6) ® /i (2) /i /(1) . (2.28) 

The comultiplication is given by 

(o®6)®A^((o®l)® /i (1> ) ® A ((1 S3 6) ® /i (2) ) (2.29) 

Furthermore the counit e : (A ® A op ) ix if — >• A is given by 

(a® 6)® h i — >a(h>b). (2.30) 

Let A e = A ® A°p. We define z/ : A e ® if ® A o P A e ® if — ► A e ® if ®a A e ® if by 

(a ® 6® /i) ® A °p (a' ® 6' ® /V) i— > (a ® 1 ® /i (1) ) ® A ((// 2) > a') ® b'(S(h' (2) ) > 6) ® /i (3) /i /(1) ) , 

(2.31) 
with the following inverse map; 

(a®6®/i)® A (a / ®6'®/i / ) — >• (a ® 1 ® /i (1) ) ® a °p f(6 ® 1 ® S(/i (2) ) • (a' ® 6' ® h')\ (2.32) 



It is proved by Panaite and Van Oystaeyen in [PVOj that the Connes-Moscovici bialgebroid 
is isomorphic to the Kadison bialgebroid; 

A x H x A op =* (A ® A op ) M H. (2.33) 

This isomorphism is given by 

X : (A ® A op ) txi H — >A®H®A op , a®b®h< — ► a ® h W ® /i (2) 6, (2.34) 

and 

X" 1 : a (8) /i (2) 6 i — ► a ® S(/t (2) ) > 6 ® fe (1) . (2.35) 

It is mentioned in |PVUj that if S 2 = Id then the map \ induces an isomorphism on the 
level of Bohm-Szlachanyi Hopf algebroid. We recall that two x-Hopf algebras K and % 
are isomorphic if there exists a map £ : /C — > H which commutes with all bialgebroid 
structures and furthermore C,v = uQ. Similarly one has the following statement. 

Lemma 2.5. Connes-Moscovici and Kadison x -Hopf algebras AyiHKA op and (A(&A° P ) cxi 
H are isomorphic. 

Here we briefly recall the definitions of modules, comodules and stable anti-Yetter-Drienfeld 
(SAYD) modules for a left x-Hopf algebra. A right module of a left x^-Hopf algebra K is 
a right /C-module M. A right /C-module M can be equipped with a i?-bimodule structure 
as follows: 

r ■ m = s(r) ■ m, and m ■ r = t(r) ■ m 

A left comodule of a left x^-Hopf algebra K, is defined to be a left comodule of the 
underlying i?-coring (/C, A,e), that is, a left i?-module M, together with a left -R-module 
map M — > K, ®u M, m i — > rrir-i) ®ii ^(o)i satisfying coassociativity and counitality 
axioms. One notes that a left /C-comodule M can be equipped with a -R-bimodule structure 
by introducing a right .R-action as follows, 

m ■ r := e(m^i^s(r)) ■ m( ), 

for r € R and m € M. With respect to the resulting bimodule structure, /C-comodule maps 
are .R-bimodule maps. In the special case, the left /C-coaction on M is an i?-bimodule map 
in the sense that for all r,r' € R and m € M, we have; 

(r • m ■ r')(_i) ®fl (r ■ m ■ r')(o) = s(r)m(_ 1 )s(r / ) (g)R mo- (2.36) 

Furthermore, for all m € M and r € -R we have; 

"i(-i) ®fi m (o) • r = m ( _i)*(r) ®r m (0 ). (2.37) 

Let M be a right /C-module and a left /C-comodule. We say M is an anti Yetter-Drinfeld, 
AYD, module provided that the following two conditions hold. 



i) The -R-bimodule structures on M, underlying its module and comodule structures, 
coincide. That is, for m G M and r G R, 

m ■ r = m<s(r), and r ■ m = m < t(r), 

where r • m denotes the left i?-action on the left /C-comodule M and r • m is the canonical 
right action. 

ii) For k G /C and m G M we have; 

(m < fe)(_i) ® (m < fe)( ) = fc+ ra^i)^ 1 ) (g># m.( ) > fe_ . (2.38) 

The anti Yetter-Drinfeld module M is said to be stable if in addition for any m G M we 
have m(o) rn (-i) = m - 

Example 2.6. A map 5 is called a right character [BSz, Lemma 2.5], for the x^-Hopf 
algebra /C if it satisfies the following conditions: 

S(ks(r)) = 5(k)r, for k G K and r G R, (2.39) 

J(fciAfc) = <5(s(^i))fe), for ki,k 2 e)C, (2.40) 

5(1^) = lfl- (2.41) 

As an example, for any right x^-Hopf algebra, the counit e is a right character. We recall 
from |BS1 Example 2.18] and |HRH Example 2.5], let a G /C be a groupdike element and 
the map 5 : K, — > R be a right character. The following action and coaction, 

r < k = 6(s(r)k), and r — > s(r)a ® 1 (2.42) 

define a right /C-module and left /C-comodule structure on R, respectively. These action 
and coaction amount to a rightdeft anti Yetter-Drinfeld module on R if and only if, for 
all r G R and k G /C we have; 

s ( ( 5(A;)) f 7 = t(5(^-))A;( 2 ) + CTA:W, and e(o*(r)) = 6(g(r)). (2.43) 

The anti Yetter-Drinfeld module R is stable if in addition 8(s(r)a) = r, for all r G R. We 
denote this SAYD module over /C by ^i?^. 

Example 2.7. 571 YD modules on the enveloping algebras: 

As a special case of the previous example when K = R <8> -R op , it is shown in [HRlj that 
a homogenous element x ® y G /C is a group- like element if and only if xy = yx = 1. 
Furthermore if <5 be a character then <5(r ® r') = rr' for all r ® r' G /C. As a result x ® x ii!^ 
is a right-left SAYD module over the x^-Hopf algebra /C = i?<8>i? op by the following action 
and coaction; 

T2rr\ = r < (n <8> ^2)) r ' — ^ ( r ^ <8> x _ ) ® 1, (2.44) 

where r, n, T2, G i? and x is an element of the center of R. 

10 



Example 2.8. SAYD modules on the quantum algebraic torus: 

Let Ag be the algebraic torus by the left x-Hopf algebra structure given in the Example 
12.21 It is obvious that every element of the form V m is a group-like element. Furthermore, 
the map : 5 : Aq — > C[U, U~ l ] which is given by 

5(U n V m ) = q nm U n , U n V m E A e , (2.45) 

is a right character. The only group-like element which satisfies the stability condition 
with respect to this right character is the unit element. As a result of ()2.42p . the following 
action and coaction endow 1 Rg = C[U, U~ l ] with a SAYD structure on Aq as follows; 

jjk < rjnym = ^k+^mjjk+n ^ jjn | _ ) , jjn ^ L ^^ 

Example 2.9. SAYD modules on the Connes-Moscovici x-Hopf algebra: 

Suppose the homogenous element a®/i®&£74®.£f® A op is a group-like element. Using 

the ^-coring structure defined in the Example 12.31 we obtain; 

(a ® h W ® 1) ® (1 ® h {2) ® b) = (a ® h ® b) ® (a ® h ® b). (2.47) 

This implies that a = b = 1 and therefore h is a group-like element of H. Therefore 
the group-like elements of Connes-Moscovici x-Hopf algebra Hcm = A ® if ® A op are 
of the form 1 ® a ® 1 where <r is a group-like element of the Hopf algebra H. We define 
5 : H C M — > A given by 

6(a®h®b)=e(h)f(ba), (2.48) 

where / : A — > A is an unital algebra map satisfying f 2 = f and f(h > a) = e(h)f(a). 
One can check that 5 is a right character. 

3 Cyclic cohomology of x-Hopf algebras 

Cyclic cohomology of Hopf algebras is discovered by Connes-Moscovici in their ground 
breaking work on local index theory [CM98 . Their work is followed by important calcu- 
lations of Hopf cyclic cohomology of quantum groups by Khalkhali-Rangipour in [ KR1| . 
Kustermans-Rognes-Tuset in [KRT] and aslo Hadfield-Krahmer in [HKlj and [HK2]. The 
cyclic cohomology of Lu's Hopf algebroid (which is defined in |CM01| and [Koj ) and of 
Khalkhali-Rangipour Para- Hopf algebroids [KR3] are defined with trivial coefficients, the 
underlying algebra of the coring structure. The generalized SAYD coefficients for extended 
versions of Hopf algebras first is defined in [BS] for x-Hopf algebras and later has been 
generalized in |HR1] . [HR2| and [KKj. In this section, we review the cyclic cohomology of 
algebras and coalgebras under the symmetry of a left x^-Hopf algebra with coefficients 
in a SAYD module. 

Let R be an algebra over C and K, be a left x^-Hopf algebra. A left /C-module coring C 
is a i?-coring and left /C-module with one and the same underlying f?-bimodule structure, 
such that counit e and comultiplication A both are left /C-linear. We consider the left 
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/C-module structure of R by k > r := s(ks(r)) and left /C-module structure of C tgiR C is 
by diagonal action. This means; 

e(k > c) = k > e(c) = e(ks(e(c))), (3.1) 

A(k > c) = fc (1) > c (1) ® fi ik (2) > c (2) . (3.2) 

For any left /C-module coring C and a right-left SAYD module M over /C, one defines a 
cocyclic module as follows. Let 

K C n {C, M) =M% c® R{n+1) . 

We abbreviate c = cq <8ir • • • <S>r c n and define the following cofaces, codegeneracies and 
cocyclic maps. 

di(m <g>/c c) = m (8>/c c ®r • • • (£># A(cj) ®r--- ®r c n , 
d n +i{m <S>kc) = "i(o) ®/C Cq ®h ci ®k • • ■ ®r c„ <g>ij m(_i)4 , 
Si(m ®ie c) = m <g>/c co <£># • • • <8>r e(c») ®r • • • <&# c„, 
in("i <8>/c c) = m( ) &>*: ci ®b • • • ®r m(_i)Co. 

One verifies that (/cC n (C, M),d, s, t) is a cocyclic module. We denote the cyclic cohomol- 
ogy of this cocyclic module by fcHC n (C, M). 

Now we describe the cyclic cohomology of a module algebra under the symmetry of a 
x-Hopf algebra. A left /C-module algebra A is a C-algebra and a left /C-module satisfying 
the following conditions for all k G fC , a, a' G A and r G R; 

i) k>l A = s(e(k))>l A , 

ii) h>(aa') = (kW>a)(kW > a '), 

iii) (t(r) > a)a' = a(s(r) > a'), (multiplication is /^-balanced). 

For any left /C-module algebra ^4 and a right-left SAYD module M over /C, we set 

K C n (A,M) = Rom !C (M®RA®^ n+1 \R), 

to be the set of /C-linear maps from M <8> A® R ( n+1 > to i?. The following cofaces, codegen- 
eracies and cocyclic maps will define a cocyclic module; 



h n)i 



(6if)(m (^R ®Ra ®r---®r a n ) = f(m ® R <g>a ®r ■ ■ ■ <8>k ajaj+i <S)r---®r a r< 
(5 n f)(m <S) R (g> R a ®r---®r a n ) = f(m <0> ®k a„(m(_ n )ao) ®fl • • • ®R m ( _ 1) a n _i), 
(<Tif)(m (£>r (£>Rao ® R ---® R a n ) = f(m ® R a ®r ■ ■ ■ ®r 1 ® R ■ ■ ■ ® R a n ), 
(r n f)(m ®r ® R a <8> R ---® R a n ) = f(m ®r a n ® R m ( _ n) a (g> ...® R m ( _ 1) a n _i). 

The cyclic cohomology of this cocyclic module is denoted by K.HC (A, M) which gener- 
alizes the dual cyclic cohomology defined in |KR1 . 
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Example 3.1. Cyclic cohomology of a XR-Hopf algebra with coefficients in R: 

If R is a SAYD module for the x-Hopf K, as explained in Example 12,61 then the related 

cocyclic module is; 

K C n (lC, R) = R® K 1C®R---®Rfc = fc®R---®Rfc- (3.3) 

V * ' * v ' 

n+1 times n times 

The isomorphism is given by 

p(r ®)cko®R--- ®r K) = s(r < k )fa ®r---S)r k n , (3.4) 

which is in fact; 

p(r SicfaSR--- <S)r K) = s(5(s(r)k ))fa ®r ■ ■ ■ ® R k n , (3.5) 

and the inverse map is given by 

p~ X {fa ®r ■ ■ • ®r k n ) = 1r ®k, lie ®Rh®R--- ®r k n . (3.6) 

Then the cocyclic module (j3.3|) is simplified to the following one. 

do(ki (Sir- ■■'Sir k n ) = Ik. <S>r fa Sr ®rK, 
di(h <g) fl • ■ ■ ®r k n ) = fa ® R ■ ■ ■ ®r A(ki) ®fi • • • ® R k n , 
d n +i (fa (gifl • • • ® R k n ) = fa ® R ■ ■ ■ Sir k n ® R a, 
sa(fa ®r---®r k n ) = s(5(fa))k 2 ®r h ®R ■ ■ ■ Sr k n , 
Si(fa ® R ■ ■ ■ ®r k n ) = fa ® R • • • ® R e(ki) ®r---®r k n , 

tn(fa ®R---S>R fa) = 5(5(fa))k 2 ®Rk 3 ®R--- ®R k n Sr O. 

Example 3.2. Cyclic cohomology of the universal algebra R e : 

For any unital algebra R on the field of complex numbers C, we have 

C%e(R e ,R) = R® R e ® R e ® R ■ ■ ■ Sr R e = RS ■ ■ ■ ® R ®R op . (3.7) 

n+1 times n times 

Similar to |CM01| we use the unit map to define a map of cocyclic modules 

C n (C <g> C op ) — ► C n (R ® R op ). 

Now we fix an unital linear functional ip G R* to define a homotopy map s : C n (R e ) — > 
C n ^ 1 (R e ) which is given by 

s(n <g> • • • ® r n ) = ip(ri)r 2 <8> ■ ■ ■ <g> r n , (3.8) 

where r\,--- ,r n G R. One easily checks that s commutes with face maps and therefore 
we obtain an isomorphism on the level of Hochschild and consequently cyclic cohomology 
for the cocyclic modules C n (C (g> C op ) and C n (R (g> R op ). Therefore we obtain; 

HC* (R (SR op ) = HC* (C ® C op ) ^ HC* (C) . (3.9) 
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Example 3.3. Cyclic cohomology of Connes-Moscovici and Kadison x-Hopf algebras: 
For the Connes-Moscovici and Kadison x-Hopf algebras we have; 

HC* {A®H®A op )^ HC* (A e ®H)^ HC* (H). (3.10) 

Here the first isomorphism is a result of the Lemma 12.51 In fact as it is shown in [CMQ1] , 
there is a -R-bimodule isomorphism for Connes-Moscovici Hopf algebra as follows; 

H CM = R®H®R op ^ a(R) ® P(R) ®H = R®R op ®H. (3.11) 

Therefore one can transfer the x-Hopf algebra structure to R <g) R op <8> H. It is easily 
observed that 

A HoM = A Re (gi A H , and e HcM = e R e <g> e H . (3.12) 

This shows that Hqm is actually isomorphic to the external tensor product between the 
bicoalgebroid R e and the coalgebra H over the complex numbers. In fact we have; 

fe CM = S R e (g> Sh, and oHcm = a R £ ® °H- (3.13) 

By applying Eilenberg-Zilber theorem we obtain 

HH*(H C m) = HH*(R e ) <g) HH*(H) ^ HH*(H), (3.14) 

where the second isomorphism is obtained by the Example 13.21 In fact the composition of 
the two isomorphism is given by the canonical inclusion homomorphism / : H — > Hqai 
which is also a morphism of x-Hopf algebras. This enables us to obtain a map of cocyclic 
modules hC*(H,C) — >H CM C*(Hcm, R)- Therefore the Connes-Long exact sequence of 
cocyclic modules relating Hochschild and cyclic cohomology implies the isomorphism on 
the level of cyclic cohomology. 

Example 3.4. Cyclic cohomology of the quantum algebraic torus: 

A normal Harr system g : Ag — > C[U, U~ l ] is introduced for the bialgebroid structure of 

the quantum algebraic torus in [KR3] as follows; 

g(U n V m ) = 5 m , U n . (3.15) 

This leads to having a contracting homotopy as defined in [KR3] and therefore we obtain; 

HC 2i+1 (A g ) = 0, HC 2i (A 9 ) = C[U,U- 1 ], for all i>0 (3.16) 



4 Module algebras paired with module coalgebras 

Let AT be a left x/j-Hopf algebra, M be a right-left SAYD module over /C, A be a left 
/C-module algebra and C be a left /C-module coring. Let C acts on A from left satisfying 
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the following conditions; 

(hc)a = h(ca), (4.1) 

c(ab) = (c (1) a)(c (2) 6), (4.2) 

c > Ia = e(c) > 1a- (4.3) 

Let B = Hom/c(C, A) be the set of maps from the i?-coring C to A which are both /C-linear 
and i2-linear. The space B is an algebra over C by the multiplication * which is given by; 

(f*g)(c) = f(c 1) )f(c (2) ). (4.4) 

We denote that B is a i?-bimodule by (r > /)(c) = f(r > c) and similarly for the right 
i?-action. There exists an unital algebra map given by tja '■ R — > A, T}a{t) = r > 1a = 
s(r) > 1^4. Therefore 2? has the unit element t)b = f]A° £c- We remind that the cyclic 
cohomology of the algebra B is computed by the cohomology of the following cocyclic 
module. 

Si((f){b (8) ■ ■ ■ b n+ i) = <p(b ® • • • ® &A+i ® • • • 6 n +i), 
a, a (^)(6 ® • • • 6 n ) = V(b ® ■ ■ ■ ® e(6») ® • • • 6 n ), 
if((p)(bo ® • • • 6 n ) = </>(&„ ® 6 ® ■ ■ ■ ® bn-i). 

Let 

C;-"= K C"(AM)8 x;C n (C,M), 

be the diagonal complex which is a cocyclic module by (<5 n ® d ra , cr n ® s ra ® r„ ® i n ). We 
define the following map; 

^ c : C%£ — > Hom(£®^ n+1 \C), 

^ c (0 ® m ®ac c ®i? • • • ®r c n )(/ ®i? • • • ®r / n ) = </>(m ®_r /o(c ) ®r---®r f n {c n ))- 

Here /j G B, for all < i < n and G/c C n (A,M). The map ^ c is well-defined because 
/j's are /C and i? linear and is equivariant. 

Proposition 4.1. The map *& c defines a cyclic map between the diagonal cocyclic modules 
Ca'c and the cocyclic module of the algebra B, i.e. C n {B). 

Proof. First we show that VP C commutes with cofaces. 

* c (<5j ® di((j) ® m ®c c ®/j • • • ®r c n ))(/ ®r ■ ■ ■ ®i? /n+l) 

Vc(8i(.<fi) ® rfj(m ®£ C ®R • • • ®_R C n ))(/ ®R • • • ®_R /n+l) 

*c(<W) ®"i®^C ®R--- ®_RCj ®Cj ®_RC n )(/ ®_R--- ®fi/n+l) 

5i((f>)(m ®)c f (co) ®r--- ®nfi{ci )®i?/j+i(cj ) ®a--- ®_r/„+i(c„)) 
<t>(m®icfo(co)<8>R---®Rfi(ci )fi+i(ci ) ®r--- ®_r/„+i(c„)) 
<£(m ®x; /o(co) ®r • • • ®_R (/i * fi+l){Ci) ®r • • • ®_R /„+i(c n )) 

(<J£*c(0 ® m ®/C C ®fi • • • ®R C n ))(/ ®fl • • • ®R /n+l)- 
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Here we show that ^ c commutes with codegeneracies. 

ty c (ai ® Si(cp ® m ®£ Co ®« • • • ®r c„))(/o ®r---<8>r fn-l) 
^ c {ai(4>) ® Si(m ®£ Co ®k ■ ■ ■ ®k c„))(/ ®k ■ ■ ■ ®« f n -i) 
^ c (oi{4>) ® m ®/c co ®r • • • ®r e{ci) ®« • • • ®r c„)(/ ®r---®r f n ) 
Oi{4>) (in ® K /o(c ) <8>h ■ ■ ■ ®b e(ci) ®fl ■ ■ ■ ®ij f n ~i(c n )) 
4> {m <S)/c /o(co) ®k • - - <8>h e(cj)l ®# • • • ®« f n -i{c n )) 

("l ®£ /o(co) &R---&R VB{Ci) <8>fl • ■ ■ <8>fl /n-l(Cn)) 

(of * c (c/> ® m ®/c co ®i? • • • ®k c n ))(/ ®r---®r fn-l)- 



The following computation shows that \£ c commutes with cyclic maps. 

'M'Tn ® £„(</> ® m ®/c C ®i? • • • ®K C n ))(/ ®K ■ ■ ■ ®R fn) 

* c (tan(0) ® t n (m ®k c ®i? • • • ®_r Cn))(/o ®i? • • • ®_R /n) 

T< P( m < > ® /o(ci) ®fl • • • ®fl m < _ 1> / ri (c )) 

4>{m <0><0> ®r m < _ 1> /„(c ) ® fi m <0>< _ n> / (ci) ®h • • • ®h m- <0>< _ 1> / n _i(c n )) 

</>(m <0> ® fl m < _ 1> /n(c ) ®i? m <0> / (ci) ®r---®r m <0> " ' / n -i(<v)) 
<t>{m <0> ®r m < _ 1> > (/„(co) ®i? /o(ci) • • • ®i? /n-l(Cn)) 
0(m ® fl /n(c ) ®R /o(ci) ■ ■ ■ ®fl /n-l(Cn)) 

* c (</> ® m ®k: c ®_r • • • ®_r c n )(f n ®_r /o ®r • • • ®k /n-i) 

(r^cO ® m ®C C ®fl • • • ®R C n )(fo ®R--'®R fn)- 
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We define an unital algebra map A : A — > B = Hom/c(^4, C) given by A(a)(c) = ca. The 
condition (|4.ip implies the /C-linearity of the map A(a) € -B and therefore A is well-defined. 
The condition (|4.2p shows that the map A is multiplicative and finally (|4.3p proves that A 
is unital. Therefore we obtain a map of cocyclic modules A : C*(B,C) — > C*(A,C). We 
set 

$:=Ao$ c : C™;« — > C*(A, C). (4.5) 

where 

#(</> ® m ®/c c ®ij • • • ®r c n )(a ® • • • ® a n ) = ^(m ®r c ao ®R • • • ®il c n a n ). 

Theorem 4.2. Let R be a an unital C-algebra, IC be a left x^-Hopf algebra, M be a 
right-left SAYD module over IC, A be a left IC-module algebra and C be a left IC-module 
coalgebra. Let C acts A satisfying (|4.ip . (|4.2p and (|4.3p . We Ziaue i/ie following pairing 
on the level of cyclic cohomology, 

U : HC P K (A,M) ® HCl(C,M) — ► FC P+ «(A), 
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given by 

U = VAW, 

where AW is the Alexander- Whitney map. There are similar pairings for Hochschild and 
periodic cyclic cohomology. 



Remark 4.3. Similar to [Rlj one shows that the coproduct U introduced in Theorem 14.21 
is given by the following explicit formula on the level of Hochschild cohomology. 

U^ : Cl(A, M) ® C q K (C, M) — ► C P+<? (A), (4.6) 

{(j>®m®KCQ®R- ■ ■ ®R c q ){a (8> — <8) a p + q ) = 

<f>(m <0> ® (c P o )(ciai) • • • (c q a g ) 0^ m < _ p> (c a q+1 ) ®r---®r m < „ 1> (c P a p+q )). 

Example 4.4. In the theorem 14.21 let M = R. As a result we have 

c^(AK) = fi%A = A 

where the isomorphism is given by r <8> a i — ► s(r) >a and 1_r ® a •* — a. Therefore a O-Hopf 
cocycle is an /C-linear map Tr : A — > R where 

Tr(s(r)>(aia 2 )) =Tr(a 2 (5(r)crt>ai)), r G R, a u a 2 € A. (4.7) 

If -R is unital we obtain 

Tr(aia 2 ) =Tr(a 2 (cn>ai)), 01,02 € A. (4.8) 

Such a trace is called a <T-trace. Also Tr is a right /C-linear map. Therefore since R is 
unital we have Tr(k > a) = Tr{a) < /c. Using the definition of the action defined in (|2.42p 
we have 

Tr(/c > a) = 5(s(Tr(a))k). (4.9) 

Such a trace is called a <5-trace. One notes when K is a Hopf algebra, this condition is 
equivalent to Tr{ha) = 5{h)Tr{a). In fact a cr-trace which is <5-invariant is a 0-cocycle. 
Therefore for p = in the Theorem 14.21 we obtain; 

HCl{K,R) — ► FC n (A) (4.10) 

2V(fc ®r---®r k n )(ao ®r®--- ®r) = Tr(a /c (ai) ■ ■ ■ k n (a n )). 

Example 4.5. In the Theorem |4.2| let iT = i? e , M = R and p = 0. we obtain a 
characteristic map as follows; 

HC^ Rop (R R op , R) — ► HC n {A). (4.11) 
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Using Example I3.2| we have; 

HC n (C) — ► HC n (A). (4.12) 



Example 4.6. We apply the Theorem 14,21 to Connes-Moscovici x-Hopf algebra. In fact 
let C = K, = A® H <g> 74 op , M = A and p = 0. Using Example 1331 we obtain the following 
map; 

HC*(H) — ► HC*{A). (4.13) 

Example 4.7. In the theorem g2J let K, = A e , M = R = Cft/,^7" 1 ] and p = 0. Using 
Example 13.41 for any /C-module algebra A we obtain the following map; 

C[U, U' 1 } — > tf C 2n (,4). (4.14) 

Example 4.8. In the theorem 14. 2| let -B C A be an algebra extensions, R = B, K, = C = 
B e , and M = B. Then we obtain the following pairing; 

HC P Be (A,B)®HC q Be (B e ,B) — ► FC P+<? (A). (4.15) 

Example 4.9. Let B be a right x-Hopf algebra, i be a right comodule algebra [HR1 , 
B = T be the space of invariant coactions, and /C a left x^-Hopf algebra. If icA(B) is 
an equivaraint Hopf Galois extension as defined in [HR1 then it is shown that 

HC P K (A,M)^HC p B (B,M), 

where M = B <8>ac M. Therefore using the theorem 14.21 we obtain the following pairing; 

HC P B (B, M) ® HC q K (IC, M) —+ HC p+q (A). (4.16) 
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